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Abstract
We consider the problem of determining the monic integer transfinite
diameter
tu(I) = lim inf [pa;"
n—00 ppEMn

for real intervals of length less than 4. We show the ta(]0,z]), as a
function in > 0, is continuous, therefore disproving two conjectures due
to Hare and Smyth. Consequently, for n > 2 € N, we define the quantity

bumax(n) = sup {b 'tM([O,b]) _ % }

b>1

and give lower and upper bounds of bmax(n). Finally, we use the algo-
rithm from [4] to computationally improve this lower bound for bmax(n)
for 3<n <8.

1 Introduction

Let I C R be a closed interval of length less than 4 and M, [z] be the set of
monic polynomials of degree n with integer coefficients. We define the monic
integer transfinite diameter tpr(I) of I to be the quantity

tu(I) = lim inf [|pa ;" (1)

n—0o0 pp, EMy,

Here, ||pn || 71= supge; |pn(2)| is the supremum norm of the polynomial p,, (x).
The problem of determining the monic integer transfinite diameter was first
tackled by Borwein, Pinner and Pritsker in [3]. Their techniques were further
developed by Hare and Smyth in [4]. The problem is intimately connected to
the problem of determining tz(I), the integer transfinite diameter, where the
condition that the polynomials be monic is removed. Interestingly, removing
this condition makes the problem much harder, as no exact values of t7(I) are
known, but ¢as(I) can be computed explicitly in some cases.

The following lemma is an essential tool in doing so:



Lemma 1 ([3]). Let q(z) = ag+- - -+aqx? € Z,[z] be an irreducible polynomial
with ag > 1 and all roots in the closed interval I C R of finite length. Further,
assume that p,(z) € M, [z]. Then

_1 1
ag” < pallf -

The proof of this essentially classical result can be found in [3] or [4] and
will be omitted here.

As a consequence, agl/ d<t M (I), so that polynomials ¢(x) as in the lemma
are used to determine lower bounds on ¢5;(I). As a consequence, they are called
obstruction polynomials for tpr(I) with obstruction algl/d. Since all obstructions
give a lower bound, it is of interest to find the supremum

m(I) = sup{agl/d’q(x) =aqz® + -+ ag,aq > 1}.

Here the supremum is taken over all polynomials with integer coefficients
and all roots in the interval I.

If the supremum is attained, m([) is called the mazimal obstruction for I.

Suppose now we have an interval I with maximal obstruction m(I) and find
a pp(x) € M, with ||p, |l r=m(I)™. In this case, m(I) > tp(I) > m(I), so that
we have determined an exact value for ¢,7(I). Such p,(x), if it exists, is said to
attain the mazimal obstruction. Some examples of this situation are as follows:

1. If I =[0,1], 1 is the maximal obstruction by g(z) = 22 — 1. At the same

time, ||z(1 —2)||r= %, so that tp(I) = %

2. For an integer n > 1, consider I,, = [0, 1].

by q(z) = nz — 1. At the same time, ||z||z,

is the maximal obstruction
1. so that tp(I,) = L.

n’

1
n

These are just some examples to illustrate the technique. A more complete
list of known values of ¢)s(I) can be found in [3] and [4].

It was shown in [4] that the maximal obstruction is not always attained by
some p,(z) and explicit conditions for when it cannot be attained were given.
The authors conjecture, however, that ¢5;(I) = m(I) for all I. That this is not
the case is a consequence of the continuity of a particular function, proved in
section 2.

2  Continuity of tj/(z),z >0

In [4], the authors consider intervals of the form I = [0,8], + <b < L5 n >
1 € N. From ¢(z) = na — 1, we know that ¢,,([0,b]) > L and equality holds in a
neighbourhood to the right of 1 (see Theorem 9.1 in [4]). Much more interesting

is the behaviour of the function

ty(z) = tm([0,2]),2 >0 (2)

to the left of %, n > 1. Hare and Smyth suspected the function to have a

discontinuity at x = %, which would agree with their conjecture that m(I) =

tar (D).



To answer this question, one has to look back at the classical paper [2] of
Borwein and Erdélyi in the theory of the (non-monic) transfinite diameter. In
this paper, the authors define the function ¢z(z) in the equivalent way and state
that this function is continuous, though without the details of the proof. We
will now provide the details for ¢, (x).

Let T}, (z) be the nt" Chebyshev polynomial on [—1, 1], defined by

T.(z) = cos(narccosz) (3)

This can be rewritten as

To(x) = 1[(ac—k\/ac?—l)n—k(:r— mz—l)n}.

2

From this it immediately follows that

To.(x) < (x—|— \/Jﬁ)n for > 1. (4)
We will also need Chebyshev’s inequality from [1]:
Lemma 2. Let p € R[z]. Then, for y € R\[-1,1],
P < [T Ipll-11 ()

We can then prove:

Lemma 3. Let b > by > 0, p, € Ry[z]. Then, for every 6 > 0, there exists
ky,5, not depending on n, such that

IPnlloprs) < (1 +kos)™ [[Pnllo,0) (6)
with lims_q ky.s = 0 for fized b.
Proof. Given p € R, [z], let y € [0,]. Then z = 2y — 1 € [-1,1]. Let

@) =m (50 +1).

Then, for z & [-1,1],y € [0,b],

b
=@ < [T (5 +0) ol
b
= |Tu|g@+1) )| Pallos -
Note that
b
max |T, ((m—&—l))‘ = max [T, (x)]
ze[b,b+4] 2 z€[1,14+28]
= ||Tn||[1,1+2g]



This clearly implies

[Pnllpors) < N Tnll 28 lPn o -

Using inequality (4) above, we see that

5 o\\"
[1714_%] S (1 +25 (1 + 1+ 6))

The result now follows by letting ky, 5 = 2% <1 +4/1+ g) > 0 and observing
that

17|

max {|[pnljo.5)- [P lp.o45)
max {llpn o, (1+ K50)" Illio}
(1 +Kp,5)" [lpn lljo,p) -

llpn || [0,b44]

IN

O
Using this inequality, we also get that, for b, > 0 fixed,
1 n

lonllos = nlloss (55— ) - )

Note that also lims_.g ky—s6 = 0.
We can now use this to prove

Theorem 1. The function ty(x) is continuous on (0, 00).

Proof. First, note that ¢/ (z) is (non-strictly) increasing in . Let b € (0, 00),
e > 0 and choose § = min{d1, 2}, where d; is chosen such that k5 < m
and 8, is such that —b=f2:f2 o _¢

1+kp 55,6, ta(b)”
Let 0 < |b — x| < 6. The argument splits into two cases:

(1) Suppose that 0 < b—x < § < d;. Since tps(x) is increasing, we have

0< t]V[(I) — tM(b) < tM(b+ 51) — tM(b)

o . Un L/m

- nh—>ngo (pnelfr\lxtfn[x] Hpn||[0’b+61] pnelj\l/lfn[r] ||pn||[0,b]>
. . 1/n

= nh—>ngo (pneljr\lxtfn[z] i ||pn||[0,b]>

= tu(b)kps, <e

(2) Now, assume 0 < x — b < § < d,. Here, we get



0<tu(®d) —tm(x) < tm(d)—ta(b—52)

. . 1/n . 1/n
= lim ( inf Hpn||[0/7b] _p Gl./\n/lf 2] |pn|[0<b_52]>

n—o00 pnGMn[CE]
< (o (Y i)
T n—oo \ppeMyle] \ 1+ ky—s, 5, [0,0]
kb—s,,5.
= ty(b)—2tade
w( )1 + kp—s,,5,

Thus, for 0 < |b — z| < §, we have |tar(b) — tamr(x)| < € for any b € (0, 00),
proving continuity for z > 0. O

As mentioned before, Borwein and Erdélyi stated this result for the non-
monic transfinite diameter. In fact, if A,[z] C R, [z] and

1
ta(l) = 1 inf n 8
AlD) P L P I} (8)

one can define ¢t 4(z) in the equivalent way and the prove continuity of this
function for x > 0 as in Theorem 1.

The continuity gives some answers to conjectures made by Hare and Smyth
in [4]:

Conjecture 1 (Zero-endpoint interval conjecture). If I = [0,b] with b <
1, then tyr(I) = 1, where n = max (2,[1]) is the smallest integer n > 2 for

which % <b.

Conjecture 2 (Maximal obstruction implies ¢),(I) conjecture). If an in-
terval I of length less than 4 has a mazimal obstruction m(I), then ty(I) =
m(I).

Theorem 1 clearly shows Conjecture 1 to be false: As ¢y (z) is continuous to
the left of 2,1 € N, we cannot have t5/([0,0]) = n%rl for all b < 1, as claimed in
the conjecture. A further implication is that for these intervals, ta(I) # m(I),
contrary to Conjecture 2.

It turns out that ¢ps(x) is indeed constant on a large interval to the right of

n%rl,neN. We define for n > 1 € N,

boa) = sup {boaa(4) = 1 . )

b>1 n

For n = 1, this quantity is not finite, as tp;(I) = 1 for |I| > 4 (see [3] for
details). For n = 2, we can use the results in [4] to obtain 1.26 < bpax(2) <
1.328. For n > 2, we have the following:

Theorem 2. Letn > 2 &€ N. Then

l+¥ < brnax(n) < __4n
n  n2n-—1) maxTh) = (2n —1)2°



Proof. The first inequality follows from the polynomial

P, (z) = x"2*2(xzfnx+1).

This polynomial was first used in [4] and shown to satisfy the following:

2. P}(%) =0 and the polynomial has no other extrema in [0, —1].

3. P,(z) has a root 3, = ﬁ > L and |P,(z)| is strictly increasing in
(Brs 77)-

2
The authors used this to show that || Py [|j, 1= (%)” for some € > 0.
Evaluating P, (z) at z = 1 + m gives

2
p(l, 1 o (n?=n+1\" n®—3n2+2n—1
"\n  n2(n-1) B n?—n (n?2—n+1)2

To show that this is indeed less than ( )"27 first note that the sequence

1
n

n?—n "
(nQ—n+1> »

is increasing and tends to e~!. As it is increasing, we clearly have

2 n2 2 4

Further, note that for all n,

2\* 3302 42n—1
(>>n 3n® +2n (1)

3 (n2—n+1)2

Thus taking (10) and (11) together, we have, for n > 2,

2
n?—n " S n®—3n%+2n—1
n?—n+1 (n2-—n+1)2 °

Rearranging now gives the desired result.
For the upper bound, one has to look directly at (6). Suppose we have some
1
pa(z) € Mglz] such that |[pa||f. = + on an interval I5, = [0, 27 —,]. Clearly,

1
de||[%7%l]2 ﬁ since ﬁ <t ([0, ﬁ]) Thus, using (6), we get



1 1
< 7(1+kﬁ75n»6n).

n—1 n
Using the explicit expression for k EEEN N obtained in the proof of lemma

3, we see that then 0, > dmin(n) thus obtaining

_ 1
T 4An3—-8n2?2+45n—1"

1 4an
— 5min (n) = m

bmax (1) —]

O

Using the computational methods outlined in Section 3, we get improved
lower bounds for n = 3,...8 (see Table 1):

0.465 < buax(3), 0.303 < byax(4)
0.230 < bunax(5), 0.184 < byax(6)
0.148 < bunax(7),  0.130 < byax(8)

Note that the first two polynomials already appeared in [4]. While the second
polynomial was taken directly from the article, the first, due to Kevin Hare, is
replacing the polynomial quoted in the article, which did not attain the maximal
obstruction on the interval. As n gets larger, computations become increasingly
difficult, as the difference ﬁ — % tends to zero.

Using (6), one can obtain a new lower bound for ¢,,([0,]),b < 1:

Lemma 4. Let I, = [0,b], b < 1 and let n = min{m € N | -t > b}. Then

1 b
i) > ,
wulh) 2 maX{n-I-l 2(1+\/1—nb)—nb}

Proof. Let § = —b. As can easily be seen from (6),

wlloz=d) = w(led)) s
B 1—nd '
"~ n(1+né 4 2v/nd)
b
T 2—nb+2V/T-nb
Seeing that, for b < bpaz(n + 1), ﬁ_l is a larger lower bound, we get the
result. O

Another open conjecture, this one taken from [3], is the following:

Conjecture 3 (Farey Interval Conjecture). Let %,g € Q with q,s > 0 be
such that rq — ps = 1. Then

w(5) - i)



Computationally, the authors verified the conjecture for denominators up to
21 and it was proved for an infinite family of such intervals in [4]. Tt is perhaps
worth noting that continuity of ¢3;(x) cannot be used to find a counterexample
to this conjecture, as the following argument shows:

Let n > 1 € N. We will show that we cannot find a Farey Interval of the
form [£, 2] with 1 < k < n,n = min{g,n} and B> b} ax(n), where

’ q max

(fs)-1)

As can easily be derived from the proof of Lemma 3,

bl a(n) = sup {b

kb

k(4n? +1)

bmax() S o T

max

If we wanted to use this to derive a counterexample to the Farey Interval
Conjecture, we would need £ > b, (n). Using the Farey property

max

pn—qgk =1, (12)

we can write this as

1+ gk . 4n? +1
qk (2n —1)2°

From this it follows that 1+gk < 2n+1, so that, using (12) again, 14+¢k = 2n.
Now, as ¢ > n, it is clear that k = 1 for this to hold.
In the case k = 1, one can show that the Farey interval is then of the form

1 1 ; ; 1 4n’41
[, ﬁ], t € N. But no such interval with ﬁ > bk (n) = ﬁ
exists.

The result for the remaining Farey intervals is obtained by using the trans-
formations x — m + x,m € Z.

3 Computational Methods

In order to improve the lower bounds for by.x(n) attained in Theorem 2, we
need to turn to computational methods to attempt to find a monic polynomial
P(z) € Z[z] attaining the maximal obstruction. Computational methods are
split into two parts:

1. Using a modification of the LLL algorithm to find factors f;(x) of P(x).

2. Using Linear Programming methods first used in [2] in connection with the
integer transfinite diameter with additional equality constraints obtained
in [4] to determine the exponents ;.

We will briefly discuss the implementations of both parts of the algorithm.



1. LLL is an algorithm that, given a basis b for a lattice A, produces a
“small” basis for A with respect to a given inner product (-,-). In their
modification of the LLL algorithm for monic polynomials introduced in
[3], the authors used the Lattice Z,[z] with the basis b = (1,z,2?,---2")
and the inner product

b
<m%>=(/m@%@m+%%

for pn(z) = apa™+- - -+ag, gn(x) = bpz™+- - -+by € Zy,[x]. The additional
factor a,b, is used to discourage non-monic factors from appearing, and
the algorithm usually produces only one monic basis element of degree n.
In practice, we used the following recursive algorithm to identify factors
fi(z) of P(x) for an interval I = [a,b] where the maximal obstruction
polynomial ¢(z) = agz? + - - - + ag is known:

(a) Start with b = (1,z,22,---,2%) for K = 20 (in some cases, a larger
basis was required initially).

(b) Run LLL, generating a list of factors I = {f;(z)}.

(c) Sieve the list by using the condition that if f;(x) | P(x), then the
resultant has to satisfy |[Res(fi,q)| =1 (see [4]).

(d) Forevery f; still in [, define b, = 1, fi(x), fi(x)z, fi(x)x2,--- f;(z)z")
and re-run the LLL-Algorithm with this basis, adding new factors to
l.

(e) Repeat steps (a)-(d) until no more new factors are found, at which
point we return [.

2. To determine the exponents «; of f;(x),1 < i < N, we use a technique
first used by Borwein and Erdélyi in [2]. Given a list of factors I = {f;(z)},
one attempts to minimise m subject to

S g2 log | fi(w)| <m —glx)  weX

Zi]\il a; =1
2=t Teg F Fg =0 q(Bs) = 0,1 < s < degq
a; >0 1<i<N

over a finite set X C I. Here, g(z) is a function such that

0 q(z) =0
9(@) = { e(z) >0 q(z)#0.

The use of this function is theoretically not necessary, but is useful when
doing computations, as avoids having to deal with exact values at points
where the polynomial does not need to attain the maximal obstruction.



The first two constraints in (13) are taken from [2] with a slight modifi-
cation to the first, while the third is unique to the monic case and taken
from [4]. This is also where we get the final set of constraints:

Let (s be a root of g(z) and define fi(s) = de;fi log|fi(Bs). If b1 =

félog\adhbg, -+-by is an independent generating set for the Z—lattice
generated by f% log|ag| and the fi(s), let cgffi) be such that

l
Zcﬁ‘i‘)bﬁ = Az‘(s)-

j=1

Then we get the additional conditions, derived in [4]:

N 1 =1
(s) _ - =
I A N
Again, we use a recursive algorithm for determining the exponents. Given
a set of points Xj, we use (13) and (14) to determine the optimal expo-
nents {agk),agk), . ,ag\];)} attaining the minimum value my. Then, we
construct the normalised ”polynomial”

and add its extrema to X to obtain Xj,1. Starting with a small set of
values X; C I, we repeat this procedure until we get K € N such that
|myg —mg_1| < e for required precision € > 0.

Finally, we compute the supremum norm of Pk (z) =~ e™* on the interval
and verify that || Pk ||;= |aq|~. One can attempt to find rational approx-
imations of smaller denominator to the exponents, always checking that
the obstruction is still attained. The attaining polynomial P(x) is then
found by clearing denominators in the exponents of Pk (x).

The author would like to thank Kevin Hare for useful insights and Chris
Smyth for guidance and relentless proofreading. Further, I would like to thank
the referee for carefully reading the manuscript and catching some mistakes as
well as providing useful comments.
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Table 1: Polynomials used for lower bounds on byax(n)

n | Pn(z)
x45944640 (214 _ 11406261213 + 47054086212 — 8845631011
4100247244210 — 763412562 + 41208853x% — 1620260627 + 469204725 — 9992612°
+154318z* — 1676623 + 121122 — 52x + 1)2450525

N (x® 4+ 1418427 — 3494425 4 3644225 — 208322* 4 704123 — 140522 + 153z — 7)877415
(28 + 484227 — 1093520 + 103552° — 53172% + 159423 — 27822 + 26x — 1)2571030
(8 + 781227 — 1807228 + 175612% — 92712% + 286423 — 51622 + 50x — 2)595980
(7 — 123320 + 240625 — 1913z + 79123 — 17922 + 21z — 1)1210840
(CIZ5 _ 35!34 + 7:03 _ 111,2 + 6x — 1)1052898

4 2640 (25 + 4322% — 45623 + 17922 — 31x + 2)47
(7 + 876025 — 133422 + 8488z* — 278423 + 51422 — 50x + 2)3°.
21050990310 1 554409529 — 911571428 4 662371927 — 279098825

5| +7513492% — 133974x* + 1581823 — 119222 + 522 — 1)78796
(28 + 49502° — 46052% + 16983 — 31022 + 28z — 1)21825

6 25232473 (5 1 12602% — 85223 + 21522 — 24 + 1)118824
(7 — 14019028 + 1325172° — 519662* + 1081923 — 126122 + 78z — 2)200917

71 xt(xd + 347224 — 182623 + 35822 — 312z + 1)

8 | x12288(22 — 8z +1)246(2* — 57623 + 208z2 — 25z + 1)74!
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