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Abstract

We consider the problem of determining the intersection points of two
projective algebraic plane curves over an algebraically closed field k. If
the defining polynomials are of degrees m and n, respectively, Bezout’s
Theorem tells us that the curves will have mn intersection points over k,
counting multiplicities.

Using a result due to Fulton together with the Euclidean algorithm,
one can devise an algorithm for computing the intersection points of two
curves, and a simple proof of Bezout’s Theorem follows. We then use
this algorithm to compute the intersection points and find the smallest
number field m(θ) such that Bezout’s theorem holds over Pm(θ)2 for two
given curves with coefficients in a not algebraically closed field m.

1 Introduction

Let k be an algebraically closed field. We denote by k[x, y, z] the ring of homo-
geneous polynomials with coefficients in k. Further, for a(x, y, z) ∈ k[x, y, z],
we define an algebraic curve A over k to be the variety A = {(x, y, z) ∈ Pk2 |
a(x, y, z) = 0}. By the degree of an algebraic curve ∂A, we mean the degree
of the polynomial defining it and denote by ∂xA, ∂yA the degree of A in x, y,
respectively. Given algebraic curves A,B, we define the following varieties:

A + B = {(x, y, z) ∈ Pk2 | a(x, y, z) + b(x, y, z) = 0} (1)
AB = {(x, y, z) ∈ Pk2 | a(x, y, z)b(x, y, z) = 0} (2)

A well-known result due to Bezout states that, if gcd(a, b) = 1 (we say that A
and B have no common component), then A and B have exactly ∂A∂B common
points, counting multiplicities.

In order to define the multiplicity of intersection of two curves A,B with no
common component, we turn to a definition from Fulton:

Definition 1. Let A,B be algebraic curves with no common component and let
P ∈ Pk2. We define the intersection multiplicity of A and B at P by

m(P ;A,B) = dimk
OP (Pk2)

(a, b)
(3)
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where OP (Pk2) denotes the local ring of rational functions defined at P and
(a, b) denotes the ideal generated by a(x, y, z) and b(x, y, z) over k[x, y, z].

Fulton shows that the multiplicity thus defined satisfies the following condi-
tions:

Theorem 1 (Fulton). Let A,B be algebraic curves with no common compo-
nent and P ∈ Pk2 be a common point. Then

1. m(P ;A,B) = m(P ;B,A)

2. m(P ;A,BC) = m(P ;A,B) + m(P ;A,C) for any algebraic curve C

3. m(P ;A,B + AD) = m(P ;A,B) for any algebraic curve D such that
∂AD = ∂B.

Proofs of these can be found in [2].
Using the notion of intersection multiplicity, one can now form the formal

sum

A.B =
∑

P∈Pk2

m(P ;A,B)P

for two given algebraic curves A,B. If A and B have no common component,
this sum will be finite and will contain all intersection points of A and B.
It is easily verified that A.B, the intersection cycle of A and B, satisfies the
conditions of theorem 1. Further, for algebraic curves A,B, C with A,B and
A,C having no common components, we define

nA.B =
∑

P∈Pk2

n ·m(P ;A,B)P for n ∈ N (4)

A.B ⊕A.C =
∑

P∈Pk2

(m(P ;A,B) + m(P ;A,C))P (5)

If (a, b) ⊆ (a, c),

A.B 	A.C =
∑

P∈Pk2

(m(P ;A,B)−m(P ;A,C))P (6)

Given two algebraic curves A,B, suppose, without loss of generality, that
∂xa ≥ ∂xb. Then we can use the Euclidean Algorithm (in x) to find q′, r′ ∈ k[x]
with a = q′b + r′ and r′ = 0 or ∂xr′ < ∂xb. Upon clearing denominators, we
obtain q, r ∈ k[x, y, z], d ∈ k[y, z] with

da = bq + r (7)

where q = q′m, r = r′m, and r = 0 or ∂xr < ∂xb. Suppose now that
gcd(b, d) = gcd(b, r) = 1 (the general case will be commented on later). Writing
equation (7) in terms of the algebraic curves these polynomials define, and
forming the intersection cycle of both sides with B, we get
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B.(DA) = B.(BQ + R)
B.D ⊕B.A = B.R

A.B = B.R	B.D

Here, we have used the properties of intersection multiplicity from Theorem
1 and the fact that, due to homogeneity, ∂bq = ∂r. Note that the ”difference”
of intersection cycles on the right is well-defined , as we have a containment of
ideals (b, r) ⊂ (b, d) (see (6)).

If gcd(b, d) = gcd(b, r) = g with ∂g > 0, we can write (7) as

d∗ga = b∗gq + r∗g (8)

where d∗g = d, b∗g = b, r∗g = r. Forming the intersection cycle of the
corresponding equation for algebraic curves with B, we get

A.B = (B∗.R∗ 	B∗.D∗)⊕A.G. (9)

We can now apply the Euclidean Algorithm to B,R and A,G again and get
expressions of B.R and A.G in terms of curves of lower x-degree. Continuing
this until we have an expression involving only expressions of the form C1.C2,
where c1 ∈ k[x, y, z], c2 ∈ k[y, z], we get a recursive method of calculating the
intersection points of A and B.

Suppose now, we are given a ∈ k[x, y, z], b ∈ k[y, z]. In order to find the
intersection cycle A.B, we can factor b as

b(y, z) = bdz
k

n∏
i=1

(y − βiz)ki .

Now, for k ∈ N, let Zk = {(x, y, z) ∈ Pk2 | zk = 0} and Li = {(x, y, z) ∈
Pk2 | y − βiz = 0}. Then, using Theorem 1 applied to intersection cycles, we
get

A.B = A.

(
Zk

n∏
i=1

Lk
i

)

= kA.Z ⊕
n∑

i=1

kiA.Li (10)

Now, looking at a(x, y, z), we can expand it as

a(x, y, z) =



∂za∑
j=0

aj(x, y)zj

∂ya∑
j=0

ãi,j(x, z)(y − βiz)j , 1 ≤ i ≤ ∂yb
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Using Theorem 1 and the fact that all polynomials involved are homoge-
neous, it is now easy to see that

A.Z = A0.Z

A.Li = Ãi,0.Li.
(11)

We can now use this to prove:

Lemma 1. Let A,B be algebraic curves over Pk2 with a ∈ k[x, y, z], b ∈ k[y, z]
and gcd(a, b) = 1. Further, assume that k is an algebraically closed field. Then
A and B intersect in ∂a∂b points.

Proof. From (10) and (11), we know that

A.B = kA0.Z ⊕
n∑

i=1

kiÃi,0.Li.

Now, let

#(A.B) =
∑

P∈Pk2

m(P ;A,B).

Then,

#(A.B) = k#(A0.Z) +
n∑

i=1

ki#(Ã0,i.Li)

= k∂A +
n∑

i=1

ki∂A

= ∂A∂B

by using the fact that ∂A = ∂A0 = ∂Ã0,i by homogeneity.

Using this Lemma, we get a simple proof of Bezout’s Theorem:

Theorem 2 (Bezout’s Theorem). Let A,B be algebraic curves over Pk2 with
a, b ∈ k[x, y, z] and gcd(a, b) = 1. Further, assume that k is an algebraically
closed field. Then A and B intersect in ∂a∂b points.

Proof. We proceed by induction on the x-degree of b(x, y, z). If ∂xb = 0, Lemma
1 gives the result.

Suppose now we know that, for fixed A, the result holds for all B with
∂xB < n and consider A,B with ∂xB = n. Then, by (9)

#(A.B) = #(A.G⊕B∗.R∗ 	B∗.D∗)
= ∂A∂G + ∂B∗(∂R∗ − ∂D∗).

Using (8) and the fact that all polynomials involved are homogeneous, we
see that ∂R∗ − ∂D∗ = ∂A. Also, as ∂B∗ + ∂G = ∂B, the result follows.
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The proof of Bezout’s Theorem also shows that the algorithm is independent
of the variable (x or y) chosen to perform the Euclidean Algorithm, as it finds
all ∂A∂B common points, using either variable.

2 Intersection points over general fields

While Bezout’s Theorem only applies to algebraically closed fields, it is also
interesting to start with a general field m and construct the smallest extension
m(θ) in which two given curves A,B satisfy Bezout’s Theorem over Pm(θ)2.

As most of the algorithm presented in the previous chapter doesn’t use the
fact that the field is algebraically closed, it is sufficient to look at the case of
intersecting curves A,B with a ∈ m[x, y, z], b ∈ m[y, z]. Assuming, without loss
of generality, that b(y, z) is monic, we have a factorization

b(y, z) =
∏

i

bi(y, z)ki

where each bi(y, z) is irreducible over m. We thus form m(βi), the small-
est extension of m containing all the roots of bi(y, z). Intersecting each fac-
tor with a(x, y, z), we obtain a(x, y = βiz, z) =

∏
j ai,j(x, z;βi) ∈ m(βi)[x, z]

and thus get intersection points Pi,j = (αi,j , βi, 1), where αi,j are the roots
of ai,j(y, z;βi) over m(βi, αi,j), the smallest extension over which ai,j(y, z;βi)
factors completely.

A problem arises when we look back at the construction of the intersection
cycle A.B. Since (in the simplest case) it is the difference of the the intersection
cycles B.D and B.R, points could occur in different representations in the two
cycles, as the following example illustrates:

Let A : x4 = 0, B : (y4 + z4)x4 + (xz2 − yz2 + y3)(x2 − 2z2)z3 = 0 be
two algebraic curves over PQ2. Using the Eulcidean algorithm, we may write
da = bq + r with

d(y, z) = (y4 + z4)
r(x, y, z) = −z3(x2 − 2z2)(xz2 − yz2 + y3).

Using properties of intersection multiplicities (see Theorem 1) applied to
intersection cycles, we see that B.R = B′.R with B′ : d(y, z)x4 = 0 and B.D =
R.D. Thus, the intersection cycle B.R contains the intersection of the curves

S1 : y4 + z4 = 0, S2 : xz2 − yz2 + y3 = 0

which in turn contains the point P = (
√

2, 1√
2
(1 + i), 1), expressed as (β1 −

β3
1 , β1, 1) where β1 = 1√

2
(1 + i) is a root of y4 + 1.

The intersection cycle B.M , on the other hand, contains the intersection
points of the curves s1(y, z) from above with the curve T : x2 − 2z2 = 0 which
contains the point P ′ = (

√
2, 1√

2
(1 + i), 1), this time expressed as (α1, β1, 1)

where α1 =
√

2 is the first root of x2 − 2 and β1 is as above.
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It is thus clear that we need a canonical way of expressing the intersection
points of algebraic curves in order to compute the intersection points using
extension fields. We start our construction with the following definition:

Definition 2. Let n ∈ N, a = (α1, . . . αn), b = (β1, . . . βn) be n-tuples of
algebraic elements (from now on referred to as “algebraic n-tuples”) over a field
m. We define an equivalence relation of the set of algebraic n-tuples by a ' b
if there exists an automorphism σ ∈ Aut(m(α1, . . . αn, β1, . . . βn)) such that

σa = (σα1, . . . σαn) = (β1, . . . , βn).

It is clear that P and P ′, defined above, are equivalent using this definition,
as Q(

√
2, β1) = Q(β1). If the n-tuples further represent points on an algebraic

curve with coefficients in m, it is further clear that all conjugate n-tuples also
lie on the curve.

Given this equivalence relation, it is further convenient to have a canonical
way of representing an equivalence class. As we are dealing with roots of poly-
nomials, a natural way is to represent elements using their minimal polynomials.

As the extension m(α1, . . . αn) is finite and only has finitely many interme-
diate subfields, the Primitive Element Theorem (see [1] for example) tells us
that there exists a γ such that m(α1, . . . αn) = m(γ). Now, let N = [m(γ) : m]
and let c0, c1, . . . cN−1 ∈ m be unknown. Fix some αi and consider now the
equation

c0 + c1γ + . . . + cN−1γ
n−1 = αi

By applying automorphisms in Aut(m(γ)), one obtains a sytem of at most
N equations, expressing the conjugates αi,j , j = 1 . . . di = ∂αi of αi, in terms
of the polynomial p(x) =

∑N−1
i=0 cix

i evaulated at conjugates of γ. This can be
written as

Γc = a

Here, Γ is the Vandermonde Matrix with entries Γi,j = γj
i , where γi denotes

the conjugates of γ, c = (c0, . . . cn), and a = (αi,1, . . . αi,di , . . . αi,1, . . . αi,di)
contains the conjugates of αi repeated [m(γ) : m(αi)] times.

Upon inverting Γ (see Section 3), one obtains a polynomial expression pi(γ) =
αi. Thus, we can represent (α1, . . . αn), together with all conjugate n-tuples, as

[a] = [(p1(x), . . . pn(x)), qγ(x)]

where qγ(x) is the minimal polynomial of γ over m. We call this the polyno-
mial representation of the equivalence class of the algebraic n-tuple (α1, . . . αn).
In the case of P and P ′, we get the polynomial representation [(x−x3, x), x4+1]
for both points.

In cases where the polynomial representations of two equivalence classes
cannot be determined to be the same by simply comparing the polynomials
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directly, we can construct necessary and sufficient conditions. In the following,
for two polynomials f, g ∈ m[x, y], we let Resx(f, g) and Resy(f, g) denote the
x- and y-Resultants, respectively.

Theorem 3. Let [a] = [(p1(x), . . . , pn(x)), qθ(x)], [b] = [(r1(x), . . . rn(x)), qδ(x)]
be equivalence classes of algebraic n-tuples of algebraic elements in polynomial
representation. Then

[a] = [b] ⇔ H(t1, . . . tn) = 0 for all ti ∈ m

where

H(t1, . . . tn) = Resy

Resx

 n∑
j=1

tj(pj(y)− rj(x)), qθ(x)

 , qδ(y)


Proof. Denote by θj any conjugate of θ and by δk a conjugate of δ. Then for
[a] = [b], we need

For all i : 1 ≤ i ≤ n, there exist j, k s.t. pi(θj) = ri(δk)
⇐⇒ pi(θj)− ri(δk) = 0

⇐⇒
n∑

i=1

ti(pi(θj)− ri(δk)) = 0 ∀ti ∈ m

⇐⇒ Resx

(
n∑

i=1

ti(pi(x)− ri(δk)), qθ(x)

)
= 0 ∀ti ∈ m

⇐⇒ Resy

(
Resx

(
n∑

i=1

ti(pi(x)− ri(y)), qθ(x)

)
, qδ(y)

)
= 0 ∀ti ∈ m

By expressing points defined over extension fields on algebraic curves via the
polynomial representation of their equivalence classes, we obtain a simple way
of comparing points across different representations.

If we are given that P ' Q for two common points on the curves A,B, we
have m(P ;A,B) = m(Q;A,B) (as can be seen by applying the automorphism σ
to the polynomials defining the curves). Thus, given two algebraic curves A,B,
the intersection cycle A.B will thus look like

A.B =
K∑

k=1

Pk (∂γk ·m(Pk;A,B))⊕
L∑

l=1

Pl (∂δl ·m(Pl;A,B))

where

[Pk] = [(pαk
(x), pβk

(x), 1), qγk
(x)]

[Pl] = [(x, 1, 0), qδl
(x)].

Here qω(x) represents the minimal polynomial of ω over m. Consider now
the element
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θ = γ1 +
K∑

k=2

ckγk +
L∑

l=1

dlδl

where the ck, di ∈ m are chosen such that σθ 6= θ for any σ ∈ Aut(m(γ1, . . . γK , δ1, . . . δL)).
Then it easily checked that θ is indeed the primitive element for the extension.

Given this θ and its minimal polynomial qθ(x) over m, we can rewrite the
polynomial representations of the points above simply as

[Pk] = [(p̃αk
(x), p̃βk

(x), 1)]
[Pl] = [(p̃δl

(x)1, 0)]

where

pαk
(pγk

(x)) = p̃αk
(x) (mod qθ(x))

pβk
(pγk

(x)) = p̃βk
(x) (mod qθ(x)) (12)

pδl
(x) = p̃δl

(x) (mod qθ(x))

and pγk
(θ) = γk, pδl

(θ) = δl. This way of representing the points allows us
to read off the primitive element of the smallest extension over which Bezout’s
Theorem holds for the given algebraic curves and expresses all points over that
extension:

Theorem 4. Let A,B be algebraic curves over a field m. Then the extension
m(θ), obtained above, is the smallest extension of m such that∑

P∈Pm(θ)2

m(P ;A,B) = ∂A∂B

Proof. That all common points indeed lie in Pm(θ)2 is clear from the explicit
expression of their coordinates as polynomials in θ in (12).

As m(θ) = m(γ1, . . . γM , δ1, . . . δL) is the smallest field containing m(γk),m(δl)
for 1 ≤ k ≤ K, 1 ≤ l ≤ L and m(γk) = m(α1,k, . . . αnk,k, β1,k, . . . βmk,k) is the
smallest field containing m(αk,i),m(βk,j), 1 ≤ i ≤ nk = ∂βk, 1 ≤ j ≤ mk =
∂αk, the minimality of m(θ) follows.

3 Inverting the Vandermonde Matrix

Let, as in the previous section, α1, . . . , αd be a full set of conjugates of an
algebraic element α over a field m and m(γ) be an extension of m(α) and let
[m(α) : m] = d, [m(γ) : m] = N . Again, consider the matrix equation

a = Γc

with a = (α1, . . . , αd, . . . , α1, . . . αd︸ ︷︷ ︸
N/d times

), c = (c0, . . . , cN−1) and

8



Γ =


1 γ1 γ2

1 · · · γN−1
1

1 γ2 γ2
2 · · · γN−1

2
...

...
... · · ·

...
1 γN γ2

N · · · γN−1
N


We are interested in finding the inverse of Γ explicitly. Let Γ−1 = (g)ij In
multiplying Γ by its inverse on the right, we thus obtain the following equations:

aij =
N∑

k=1

gkjγ
k−1
i =

{
1 if i = j
0 if i 6= j

Now, let p(x) be the minimal polynomial of γ and p′(x) its derivative. Since
p(x) has no repeated roots, we can find a(x), b(x) ∈ m[x] such that

a(x)p′(x) + b(x)p(x) = 1

Also, we can find q(x, γ) and r(γ) such that

p(x)
x− γ

= q(x, γ) +
r(γ)
x− γ

Now, let us define the function

H(x, γ) = a(x)q(x, γ)

We have:

Theorem 5. For γi, γj roots of p(x),

H(γi, γj) =
{

1 if i = j
0 if i 6= j

Proof. Note that, 1 = a(γi)p′(γi) + b(γi)p(γi) = a(γi)p′(γi) for i = 1 . . . N so
that

a(γi) =
1

p′(γi)
.

Also, for j = 1 . . . N , we have that

p(x)
x− γj

= q(x, γj)

so that r(γj) = 0 (which also implies that p(x) | r(x)).
All together, we get that

H(γi, γj) = a(γi)q(γi, γj) =
p(γi)

(γi − γj)p′(γi)
.
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If i 6= j, then this is well-defined and equals 0. Otherwise, consider the limit

lim
x→γj

p(x)
(x− γj)p′(x)

= lim
x→γj

p′(x)
p′(x)

= 1

by L’Hopital’s Rule.

Therefore, we may write

aij =
N∑

k=1

gk(γj)γk−1
i = H(γi, γj). (13)

Degree considerations from the previous theorem show that γj actually also
must occur up to degree N − 1, so that we actually get

gk(γj) =
N∑

s=1

hksγ
s−1
j .

By applying an automorphism in Aut(m(γ)) to (13), we see the following:

Lemma 2. In the expression
N∑

k=1

gkjγ
k−1
i =

N∑
k=1

N∑
l=1

hkjlγ
l−1
j γk−1

i = H(γi, γj)

the coefficients hkjl do not depend on the choice of γi and γj at all. We actually
have

N∑
k=1

gkjγ
k−1
i =

N∑
k=1

N∑
l=1

hklγ
l−1
j γk−1

i

We can read of these coefficients hkl by comparing coefficients of γi and γj

on both sides, while the gkj(γj) give the entries of Γ−1.
Given Γ−1 (and remembering that square-matrix inverses are always two-

sided) we can then use it to solve the equation via

Γ−1a = c.

This gives an expression for ci:

ci =
N∑

r=1

gir(γr)αr =
N∑

r=1

N∑
k=1

hrkγk−1
r αr

If we now let β be such that γ = α + cβ for some c ∈ m, we get

ci =
n∑

k=1

hrk

∂α∑
l=1

∂β∑
m=1

(αl + cβm)k−1αl

=
n∑

k=1

hrk

∂α∑
l=1

∂β∑
m=1

k−1∑
s=1

(
k − 1

s

)
αk−1−s

l csβs
mαl

=
n∑

k=1

hrk

k−1∑
s=1

(
k − 1

s

)
cs

∂α∑
l=1

αk−s
l

∂β∑
m=1

βs
m

The two sums involving powers of α and β can be evaluated using Newton’s
Identities.
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