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Abstract

We consider the problem of determining the intersection points of two
projective algebraic plane curves over an algebraically closed field k. If
the defining polynomials are of degrees m and n, respectively, Bezout’s
Theorem tells us that the curves will have mn intersection points over k,
counting multiplicities.

Using a result due to Fulton together with the Euclidean algorithm,
one can devise an algorithm for computing the intersection points of two
curves, and a simple proof of Bezout’s Theorem follows. We then use
this algorithm to compute the intersection points and find the smallest
number field m(6) such that Bezout’s theorem holds over Pm(6)? for two
given curves with coefficients in a not algebraically closed field m.

1 Introduction

Let k be an algebraically closed field. We denote by k[z, y, 2] the ring of homo-
geneous polynomials with coefficients in k. Further, for a(z,y,2) € k[z,y, 2],
we define an algebraic curve A over k to be the variety A = {(z,y,2) € Pk? |
a(x,y,z) = 0}. By the degree of an algebraic curve 9A, we mean the degree
of the polynomial defining it and denote by 0,4, d,A the degree of A in z,,
respectively. Given algebraic curves A, B, we define the following varieties:

A+B = {(x,y,2) € Pk? | a(x,y,2) + b(x,y,2) =0} (1)
AB = {(5,9,2) € PR | a(z,y, 2)b(,y, 2) = 0} 2)

A well-known result due to Bezout states that, if gcd(a, b) = 1 (we say that A
and B have no common component), then A and B have exactly 9A9B common
points, counting multiplicities.

In order to define the multiplicity of intersection of two curves A, B with no
common component, we turn to a definition from Fulton:

Definition 1. Let A, B be algebraic curves with no common component and let
P c Pk?. We define the intersection multiplicity of A and B at P by

Op(Pk?)

m(P;A,B) = dimkW (3)



where Op(Pk?) denotes the local ring of rational functions defined at P and
(a,b) denotes the ideal generated by a(x,y,z) and b(z,y, z) over K[z, y, z].

Fulton shows that the multiplicity thus defined satisfies the following condi-
tions:

Theorem 1 (Fulton). Let A, B be algebraic curves with no common compo-
nent and P € Pk? be a common point. Then

1. m(P;A,B) =m(P;B,A)
2. m(P; A, BC) = m(P; A, B) + m(P; A,C) for any algebraic curve C

3. m(P;A,B + AD) = m(P; A, B) for any algebraic curve D such that
0AD = 0B.

Proofs of these can be found in [2].
Using the notion of intersection multiplicity, one can now form the formal
sum

AB = > m(P;AB)P
PePk?

for two given algebraic curves A, B. If A and B have no common component,
this sum will be finite and will contain all intersection points of A and B.
It is easily verified that A.B, the intersection cycle of A and B, satisfies the
conditions of theorem 1. Further, for algebraic curves A, B,C with A, B and
A, C having no common components, we define

nA.B = Z n-m(P;A,B)P forn e N (4)
PePk?

AB®AC = Y (m(P;A B)+m(P;AC))P (5)
PePk?

If (a,b) C (a,c),

ABSAC = Y (m(P;A B)-m(P;AC))P (6)
PePk?

Given two algebraic curves A, B, suppose, without loss of generality, that
Oya > 0,b. Then we can use the Euclidean Algorithm (in ) to find ¢/, 7’ € k[z]
with a = ¢b+ 1" and v’ = 0 or 9,7" < 9,b. Upon clearing denominators, we
obtain ¢, r € k[, y, z],d € K[y, z] with

da = bg+r (7)

where ¢ = ¢'m, r = r'm, and r = 0 or d,r < 9,b. Suppose now that
ged(b, d) = ged(b, ) = 1 (the general case will be commented on later). Writing
equation (7) in terms of the algebraic curves these polynomials define, and
forming the intersection cycle of both sides with B, we get



B.(DA) B.(BQ + R)
BD®BA = BR
AB = B.R&B.D

Here, we have used the properties of intersection multiplicity from Theorem
1 and the fact that, due to homogeneity, dbq = Or. Note that the ”difference”
of intersection cycles on the right is well-defined , as we have a containment of
ideals (b,r) C (b,d) (see (6)).

If ged(b, d) = ged(b,r) = g with g > 0, we can write (7) as

d*ga = b'gq+r'g (8)

where d*g = d,b*g = b,r*g = r. Forming the intersection cycle of the
corresponding equation for algebraic curves with B, we get

AB = (B*.R*&B".D*)& AG. (9)

We can now apply the Euclidean Algorithm to B, R and A, G again and get
expressions of B.R and A.G in terms of curves of lower z-degree. Continuing
this until we have an expression involving only expressions of the form C7.Cj,
where ¢; € K[z, y, 2], ca € K]y, 2], we get a recursive method of calculating the
intersection points of A and B.

Suppose now, we are given a € k[x,y,z2],b € Kk[y,2]. In order to find the
intersection cycle A.B, we can factor b as

b(y,2) = ba2"[Jly—Bix)"
i=1

Now, for k € N, let Z% = {(z,y,2) € Pk? | z2¥ = 0} and L; = {(x,9,2) €
Pk? | y — B;z = 0}. Then, using Theorem 1 applied to intersection cycles, we
get

AB = A (ZkﬁL§>
=1

= KAZ®)Y kAL (10)

i=1

Now, looking at a(z,y, z), we can expand it as

d.a
> aj(x,y)Y
=0

a(ﬂ%y,z) = dya
S aij(@2)y — Bzl 1< i< Oyb
7=0



Using Theorem 1 and the fact that all polynomials involved are homoge-
neous, it is now easy to see that

AZ = Ao.Z (11)
ALZ = Ai70.Li.

We can now use this to prove:

Lemma 1. Let A, B be algebraic curves over Pk? with a € k[z,v, 2],b € K[y, 2]
and ged(a,b) = 1. Further, assume that k is an algebraically closed field. Then
A and B intersect in 0adb points.

Proof. From (10) and (11), we know that

AB = kAoZ&®Y kiAio.Li.

i=1

Now, let

Then,

H(AB) = k#(A0.2) + Y kitt(Ag.Ls)

=1

= koA+ zn: kidA
i=1

= O0AOB

by using the fact that 0A = 0Ag = 826;— by homogeneity.

Using this Lemma, we get a simple proof of Bezout’s Theorem:

Theorem 2 (Bezout’s Theorem). Let A, B be algebraic curves over Pk? with
a,b € K[z,y, 2] and ged(a,b) = 1. Further, assume that k is an algebraically
closed field. Then A and B intersect in 0adb points.

Proof. We proceed by induction on the z-degree of b(x, y, z). If 9,b = 0, Lemma
1 gives the result.

Suppose now we know that, for fixed A, the result holds for all B with
0,B < n and consider A, B with 0, B = n. Then, by (9)

#(A.B) = #(A.G® B*.R*© B*.D")
= 0AOG + OB*(OR* — OD™).
Using (8) and the fact that all polynomials involved are homogeneous, we

see that OR* — 0D* = JA. Also, as 0B* + 0G = 0B, the result follows.
O



The proof of Bezout’s Theorem also shows that the algorithm is independent
of the variable (z or y) chosen to perform the Euclidean Algorithm, as it finds
all 0AOB common points, using either variable.

2 Intersection points over general fields

While Bezout’s Theorem only applies to algebraically closed fields, it is also
interesting to start with a general field m and construct the smallest extension
m(0) in which two given curves A, B satisfy Bezout’s Theorem over Pm(6)2.

As most of the algorithm presented in the previous chapter doesn’t use the
fact that the field is algebraically closed, it is sufficient to look at the case of
intersecting curves A, B with a € m[x,y, z],b € m[y, z]. Assuming, without loss
of generality, that b(y, z) is monic, we have a factorization

b(y7z) = Hbl(yvzycl

where each b;(y, z) is irreducible over m. We thus form m(/;), the small-
est extension of m containing all the roots of b;(y, z). Intersecting each fac-
tor with a(,y,z), we obtain a(z,y = B;2,2) = [[; ai;(z,2:8;) € m(8;)[z, 2]
and thus get intersection points P, ; = (o j,0;,1), where «; ; are the roots
of a; ;(y, z; 8;) over m(f;, o; ;), the smallest extension over which a; ;(y, z; 5;)
factors completely.

A problem arises when we look back at the construction of the intersection
cycle A.B. Since (in the simplest case) it is the difference of the the intersection
cycles B.D and B.R, points could occur in different representations in the two
cycles, as the following example illustrates:

Let A: 2% =0, B: (y* + zY2* + (222 — y22 + 32)(2? — 222)2% = 0 be
two algebraic curves over PQ?. Using the Eulcidean algorithm, we may write
da = bq + r with

d(y,z) = (' +2")
r(z,y,z) = —23(2% —22%)(x2% —y2? +4°).

Using properties of intersection multiplicities (see Theorem 1) applied to
intersection cycles, we see that B.R = B'.R with B’ : d(y, z)x* =0 and B.D =
R.D. Thus, the intersection cycle B.R contains the intersection of the curves

Si:yt+z2t=0, So a2 —y2+94°=0

which in turn contains the point P = (v/2, %(1 +1),1), expressed as (8 —

B3, B81,1) where 3 = %(1 +1) is a root of y* + 1.
The intersection cycle B.M, on the other hand, contains the intersection
points of the curves s;(y, z) from above with the curve T : 22 — 222 = 0 which

contains the point P’ = (v/2, %(1 + 4),1), this time expressed as (a1, 1,1)

where a7 = /2 is the first root of 22 — 2 and [3; is as above.



It is thus clear that we need a canonical way of expressing the intersection
points of algebraic curves in order to compute the intersection points using
extension fields. We start our construction with the following definition:

Definition 2. Let n € N, a = (a1,...ap), b = (81,...08,) be n-tuples of
algebraic elements (from now on referred to as “algebraic n-tuples”) over a field
m. We define an equivalence relation of the set of algebraic n-tuples by a ~ b
if there exists an automorphism o € Aut(m(ay,...an, 01,...0n)) such that

ca=(ocay,...ca,) = (B1,...,0n)

It is clear that P and P’, defined above, are equivalent using this definition,
as Q(v/2,81) = Q(B1). If the n-tuples further represent points on an algebraic
curve with coefficients in m, it is further clear that all conjugate n-tuples also
lie on the curve.

Given this equivalence relation, it is further convenient to have a canonical
way of representing an equivalence class. As we are dealing with roots of poly-
nomials, a natural way is to represent elements using their minimal polynomials.

As the extension m(ay, ... ay,) is finite and only has finitely many interme-
diate subfields, the Primitive Element Theorem (see [1] for example) tells us
that there exists a v such that m(aq,...a,) = m(y). Now, let N = [m(y) : m]
and let cg,c1,...cy—1 € m be unknown. Fix some a; and consider now the
equation

coteay+...+ cN,lfy"*I =

By applying automorphisms in Aut(m(y)), one obtains a sytem of at most
N equations, expressing the conjugates «; ;,j = 1...d; = do; of «;, in terms
of the polynomial p(x) = Zil\;)l c;z' evaulated at conjugates of 7. This can be
written as

I'c = a

Here, I" is the Vandermonde Matrix with entries I'; ; = fyg , where ; denotes
the conjugates of v, ¢ = (co,...¢n), and a = (i 1,.. - Qidys-- O, Qid;)
contains the conjugates of «; repeated [m(y) : m(a;)] times.

Upon inverting T (see Section 3), one obtains a polynomial expression p;(y) =
a;. Thus, we can represent (o, ... a,), together with all conjugate n-tuples, as

[a] = [(p(2), .. pu(2)); 4y (2)]

where ¢, () is the minimal polynomial of 7 over m. We call this the polyno-
mial representation of the equivalence class of the algebraic n-tuple (o, ... ap).
In the case of P and P’, we get the polynomial representation [(z—23, x), z*+1]
for both points.

In cases where the polynomial representations of two equivalence classes
cannot be determined to be the same by simply comparing the polynomials



directly, we can construct necessary and sufficient conditions. In the following,

for two polynomials f,g € m[z,y], we let Res,(f,g) and Res,(f,g) denote the
z- and y-Resultants, respectively.

Theorem 3. Let [a] = [(p1(z), ..., pn(®)), q0(2)], [b] = [(r1(2), ... mn(2)), 45(z)]
be equivalence classes of algebraic n-tuples of algebraic elements in polynomial
representation. Then

[a]=[b] & H(t1,...tn) =0 forallt; em

where

H(t1,...t,) = Resy | Res; th(pj(y)—rj(x)),%(ﬁc) ,q5(y)
j=1

Proof. Denote by 6; any conjugate of 6§ and by d, a conjugate of §. Then for
[a] = [b], we need

For all ¢:1 <14 <mn, there exist j, k s.t. pi(0;) = ri(dk)
= pi(b;) —ri(0x) = 0
— Zti(pi(oj) —71;(8k)) = 0Vt €m
i=1

<= Res, (Zti(pi(x) —ri(§k))7qe(x)> = 0 Vt; Em

i=1

<= Res, (Resz (Z ti(pi(z) — m(y)),qg(x)> ,%(y))

i=1

0 Vt; em

O

By expressing points defined over extension fields on algebraic curves via the
polynomial representation of their equivalence classes, we obtain a simple way
of comparing points across different representations.

If we are given that P ~ @ for two common points on the curves A, B, we
have m(P; A, B) = m(Q; A, B) (as can be seen by applying the automorphism o
to the polynomials defining the curves). Thus, given two algebraic curves A, B,
the intersection cycle A.B will thus look like

K L
AB = > Pp(0w-m(P; A B)®> Pi(95-m(P;A,B))
k=1 1=1
where
[P] = [(Par (@), pai (), 1), 4, ()]
[Pl = [(#,1,0),q5(x)].

Here g, (z) represents the minimal polynomial of w over m. Consider now
the element



K L
0 = n+Y awt+y did
k=2 =1

where the ¢, d; € m are chosen such that o # 6 for any o € Aut(m(vq,...vx, 01, ...

Then it easily checked that 6 is indeed the primitive element for the extension.
Given this 6 and its minimal polynomial gy(z) over m, we can rewrite the
polynomial representations of the points above simply as

[Pe] = [(par(2),pa, (), 1)]
[P = [(ps (2)1,0)]
where
Doy (P (7)) = Pay(2) (mod go(x))
Pe. (P (@) = pa. () (mod go(x)) (12)
ps,(x) = ps () (mod go(z))

and p+, (8) = &, ps, (8) = 0;. This way of representing the points allows us
to read off the primitive element of the smallest extension over which Bezout’s
Theorem holds for the given algebraic curves and expresses all points over that
extension:

Theorem 4. Let A, B be algebraic curves over a field m. Then the extension
m(0), obtained above, is the smallest extension of m such that

> m(P;A,B) = 0AOB
PePm(0)?2

Proof. That all common points indeed lie in Pm(6)? is clear from the explicit
expression of their coordinates as polynomials in 6 in (12).

Asm(0) = m(y1,...7var, 01, ... 01) is the smallest field containing m(vy), m(d;)
for 1 <k <K,1<Il<Landm(y)=m(ak-. %,k B1k - Bm,k) is the
smallest field containing m(ay,;), m(Bx;), 1 < i < ng = 0Bk, 1 < j < my =
Oay, the minimality of m(#) follows. O

3 Inverting the Vandermonde Matrix
Let, as in the previous section, aq,...,aq be a full set of conjugates of an
algebraic element « over a field m and m(vy) be an extension of m(«) and let
[m(a) : m] =d, [m(y) : m] = N. Again, consider the matrix equation

a = TIc

with a = (a1,...,Q4,...,01,...a4), ¢ = (co,...,cn—1) and

N/d times

or))-



I m 2 7{;’1

L AN G
I‘ _ . .2 2

1oy % ot

We are interested in finding the inverse of I' explicitly. Let I'™! = (9)ij In
multiplying T by its inverse on the right, we thus obtain the following equations:

N 1 le = ]
§ : k—1

Aij = Gkj; - { 0 if ¢ 75.]
k=1

Now, let p(x) be the minimal polynomial of v and p’(x) its derivative. Since
p(z) has no repeated roots, we can find a(z), b(z) € m[z] such that

a(z)p'(z) + b(x)p(z) =1

Also, we can find ¢(z,7) and r(v) such that

p(x T
9= g+ 2
x— T —
Now, let us define the function
H(z,y) = a(z)q(z,7)
We have:
Theorem 5. For ~y;,~y; roots of p(x),
N 1 if i=j

Proof. Note that, 1 = a(v;)p'(vi) + b(vi)p(vi) = a(vi)p'(vi) for i = 1... N so
that

1
al\v; = .
() P (%)
Also, for j =1... N, we have that
p(x)
= q\x,7;
2 = )

so that r(vy;) = 0 (which also implies that p(x) | r(x)).
All together, we get that

H(vi, ;) = a(%)qwm)m_ﬁ%'



If i # j, then this is well-defined and equals 0. Otherwise, consider the limit

i — PO gy, 2@
a=y; (@ —;)p'(x) == p'(z)
by L'Hopital’s Rule. O
Therefore, we may write
N
Do = Hvy). (13)

k=1

Degree considerations from the previous theorem show that 7; actually also
must occur up to degree N — 1, so that we actually get

N
> husyy ™!
s=1

By applying an automorphism in Aut(m(y)) to (13), we see the following:

Lemma 2. In the expression

N

N N
S o =)0 by T = Hv )
k=1

k=11=1

the coefficients hyj; do not depend on the choice of v; and v; at all. We actually
have

N N
ngﬂk b= ZZ kl’Vé I%k '
k=1 l=1

We can read of these coefficients hy; by comparing coefficients of «; and -y;
on both sides, while the gj;(7;) give the entries of I'"!

Given I'"! (and remembering that square-matrix inverses are always two-
sided) we can then use it to solve the equation via

I''a = c

This gives an expression for ¢;:

N

N N
= Z gir(’yr)ar = Z hrk’Yr (679
r=1 1k

r=

If we now let 8 be such that v = a + ¢ for some ¢ € m, we get

da OB
[CES Zhrkzz CVl"_cﬁm
k=1 =1 m=1
da 0B k-1
=2mzzz()k“w
k=1 =1 m=1s=1

n k—1 E_1 da .
’;hrkzl( s ) Z 8258

The two sums involving powers of a and 3 can be evaluated using Newton’s
Identities.
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